
A Hybridized Discontinuous Galerkin Method for

Turbulent Compressible Flow

Michael Woopen∗, Thomas Ludescher∗, and Georg May†

Graduate School AICES, RWTH Aachen University, 52062 Aachen, Germany

We present a hybridized discontinous Galerkin method for two-dimensional turbulent
compressible flow. More precisely, we use the Reynolds-averaged Navier-Stokes equations
complemented with the k-ω turbulence model devised by Wilcox [30] and modified by Bassi
et al. [5] for high-order methods. By means of hybridization, we can formulate the resulting
set of algebraic equations only in terms of the degrees of freedom on the skeleton of the
computational mesh, i.e. the element interfaces. As a result, both storage requirements
and computational time can be reduced. We discuss turbulent, nearly incompressible flow
along a flat plate, and turbulent transonic flow around the RAE 2822 airfoil.

I. Introduction

The majority of flows considered in industry are in the so-called turbulent regime. Here, a wide range
of length and time scales interact with each other. To circumvent the necessary resolution for all scales,
turbulence models have been developed. These usually model the smaller scales and directly compute
the larger ones. An often used approach is represented by the so-called Reynolds-averaged Navier-Stokes
equations. Here, additional equation(s) are solved for certain turbulent measures (e.g. turbulent kinetic
energy or dissipation rate) which then enter the Navier-Stokes equations.

During the last years, high-order accurate methods (especially the discontinuous Galerkin method (DG))
have become popular in the scientific community. Theoretically, they offer a higher accuracy for less degrees
of freedom (and smaller computational time) compared to routinely applied low-order finite volume methods.
Nevertheless, they are not adopted by industry yet, which is due to the lack of robust solution strategies for
more complex applications, one of them being turbulent flow.

Furthermore, the use of discontinuous function spaces in DG methods is at the same time the reason for a
major disadvantage: unlike in continuous Galerkin (CG) methods, degrees of freedom are not shared between
elements. As a consequence, the number of unknowns is substantially higher compared to a CG discretization.
Especially for implicit time discretization this imposes large memory requirements, and potentially leads to
increased time-to-solution.

In order to avoid these disadvantages, a technique called hybridization may be utilized (see [12, 8, 9,
20, 19, 21, 18]), resulting in hybridized discontinuous Galerkin (HDG) methods. Here, the globally coupled
unknowns have support on the mesh skeleton, i.e. the element interfaces, only. This reduces the size of the
global system and coincidentally improves the sparsity pattern.

In [26], we presented a discretization method for nonlinear convection-diffusion equations. The method
is based on a discontinuous Galerkin discretization for convection terms, and a mixed method using H(div)
spaces for the diffusive terms. Furthermore, hybridization is used to reduce the number of globally coupled
degrees of freedom. In [31, 2, 33], we extended our computational framework to include both HDG and
DG schemes, as well as adjoint-based h- and hp-adaptation, and compared them in terms of efficiency. The
extension to three-dimensional problems was presented in [32].

In this work, we add the capability of computing turbulent flow to our framework. We employ the
Reynolds-averaged Navier-Stokes equations coupled with the k-ω turbulence model. This paper is structured
as follows. We briefly cover the governing equations, namely the Reynolds-averaged Navier-Stokes equations
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closed with the k-ω turbulence model, in Sec. II. After that we introduce our discretization and describe the
concept of hybridization in Sec. III. Then, we show numerical results from various turbulent flow regimes,
including both subsonic and transonic flow, in Sec. IV. Finally, we offer conclusions and outlook on future
work in Sec. V.

II. Governing Equations

The steady Reynolds-averaged Navier-Stokes (RANS) equations complemented by the k-ω turbulence
model devised by Wilcox [30] are given by

∇ · (fc (w)− fv (w,∇w)) = s (w,∇w) (1)

where the conservative variables are defined as

w =
(
ρ, ρvT , ρE, ρk, ρω̂

)T
. (2)

Here, ρ denotes density, v velocity, E specific total energy, and k the specific turbulent kinetic energy. Please
note that we use ω̂ := logω instead of the specific turbulent dissipation rate ω itself. This transformation
has been introduced by Bassi et al. [5] in order to enhance robustness. We want to stress that the equations
have to be brought to non-dimensional form before this transformation can be applied.

The convective flux is given by

fc (w) =


ρvT

ρv ⊗ v + (p+ 2
3ρk)Id(

ρE + p− 1
3ρk

)
vT

ρkvT

ρω̂vT

 (3)

where pressure is related to the conservative flow variables w by the equation of state for an ideal gas

p = (γ − 1) ρ

(
E − k − 1

2
v2

)
. (4)

Here, γ = cp/cv is the ratio of specific heats, generally taken as 1.4 for air. The viscous flux is defined as

fv (w,∇w) =


0

τ

τv + κ∇T

(µ+ σkµt)∇k

(µ+ σωµt)∇ω̂

 (5)

where the stress tensor is given by

τ = (µ+ µt)

(
∇v + (∇v)

T − 2

3
(∇ · v) Id

)
. (6)

The temperature is defined via the ideal gas law

T =
1

(γ − 1)cv

p

ρ
. (7)

κ denotes the thermal conductivity coefficient

κ =
µcp
Pr

+
µtcp
Prt

(8)

where Pr and Prt are the molecular and turbulent Prandtl number, respectively. For air at moderate
conditions they can be taken as constants with values of Pr = 0.72 and Prt = 0.9.
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The variation of molecular viscosity µ as a function of temperature is determined by Sutherland’s law as

µ =
C1T

3/2

T + C2
(9)

with C1 = 1.458× 10−6 kg

ms
√

K
and C2 = 110.4 K.

Furthermore, the (bounded) turbulent viscosity is given by

µt = min
{
ρk?e−ω̂r , 106µ

}
(10)

where k? := max{k, 0}. Please note the use of ω̂r which represents a realizable value of ω̂ (refer to Bassi
et al. [5] and Hartmann et al. [15] for more details). Furthermore, we bound the eddy viscosity from above
by 106µ.

Finally, the source term is given by

s (w,∇w) =


0

0

−
(
τR : ∇v − βkρk?eω̂r

)
τR : ∇v − βkρk?eω̂r

αw
k τR : ∇v − βωρeω̂r + (µ+ σωµt) (∇ω̂)

2

 (11)

where the Reynolds stress tensor is defined as

τR = µt

(
∇v + (∇v)

T − 2

3
(∇ · v) Id

)
− 2

3
ρk?Id. (12)

The constants are given by σk = σω = 0.5, βk = 0.09, βω = 3/40, and αω = 5/9.
Appropriate boundary conditions are listed in App. A.

III. Discretization

A. Notation

We tesselate the domain Ω into a collection of non-overlapping elements, denoted by Th, such that
⋃
K∈Th K =

Ω. As we treat only two-dimensional problems in this work, we will use the term edge when we speak of
element boundaries. Please note that the formulation for three-dimensional problems is analogue. For the
element edges we consider two different kinds of sets, ∂Th and Γh, which are element-oriented and edge-
oriented, respectively. The first is the collection of all element boundaries, which means that every edge
appears twice. The latter, however, includes every edge just once. The reason for this distinction will
become clear later. Please note that neither of these sets shall include edges lying on the domain boundary;
the set of boundary edges is denoted by Γbh.

We denote by Πp(D) the set of polynomials of degree at most p on some domain D. We will need
discontinuous function spaces for the domain and the mesh skeleton:

Vh = {v ∈ L2 (Ω) : v|K ∈ Πp(K), K ∈ Th}m×d (13)

Wh = {w ∈ L2 (Ω) : w|K ∈ Πp(K), K ∈ Th}m (14)

Mh = {µ ∈ L2 (Γh) : µ|e ∈ Πp(e), e ∈ Γh}m. (15)

Thus, v ∈ Vh, w ∈Wh and µ ∈Mh are piecewise polynomials of degree p which can be discontinuous across
edges (for v, w) or vertices (for µ), respectively. Please note that m denotes the number of conservative
variables and d the spatial dimension.

We will distinguish between element-oriented inner products and edge-oriented inner products

(v, w)Th :=
∑
K∈Th

∫
K

vw dx, (v,w)Th :=
∑
K∈Th

∫
K

v ·w dx,

〈v, w〉∂Th :=
∑
K∈Th

∫
∂K

vw dσ, 〈v, w〉Γh :=
∑
e∈Γh

∫
e

vw dσ.
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B. Weak Formulation

We can rewrite general convection-diffusion equations as a first-order system by introducing an additional
unknown representing the gradient of the solution

q = ∇w

∇ · (fc (w)− fv (w,q)) = s (w,q) .

By multiplying the strong, mixed form with appropriate test functions (τh, ϕh) ∈ Vh×Wh and integrating
by parts, we obtain a standard DG discretization in mixed form

0 = (τh,qh)Th + (∇ · τh, wh)Th − 〈τh · n, ŵ〉∂Th
− (∇ϕh, fc(wh)− fv(wh,qh))Th − (ϕh, s(wh,qh))Th +

〈
ϕh, f̂c − f̂v

〉
∂Th

+Nh,sc (qh, wh;ϕh) +NDG
h,∂Ω (qh, wh; τh, ϕh) .

In order to realize a consistent and stable method, a suitable choice of the fluxes is as important as the appro-
priate choice of the shock-capturing operatorNh,sc (qh, wh;ϕh) and the boundary operatorNDG

h,∂Ω (qh, wh; τh, ϕh),
see, e.g., [1].

In contrast to a DG discretization, where the numerical trace ŵ is defined explicitly in terms of wh and
qh, it is treated as an additional unknown in an HDG method. This additional unknown is called λh and
has support on the skeleton of the mesh only. In order to close the system, the continuity of the numerical
fluxes across edges is required in a weak sense, resulting in a third equation.

The weak formulation of the hybrid system, comprised of equations for the gradient qh, the solution itself
wh and its trace on the mesh skeleton λh, is then given by:

Find (qh, wh, λh) ∈ Xh := (Vh,Wh,Mh) s.t. ∀(τh, ϕh, µh) ∈ Xh

0 = Nh (qh, wh, λh; τh, ϕh, µh)

:= (τh,qh)Th + (∇ · τh, wh)Th − 〈τh · n, λh〉∂Th
− (∇ϕh, fc(wh)− fv(wh,qh))Th − (ϕh, s(wh,qh))Th +

〈
ϕh, f̂c − f̂v

〉
∂Th

+Nh,sc (qh, wh;ϕh) +Nh,∂Ω (qh, wh; τh, ϕh)

+
〈
µh,

r
f̂c − f̂v

z〉
Γh
.

Please note the use of ∂Th in the weak formulation of the mixed form, and Γh in the last equation defining
λh. This perfectly resembles the character of these equations, being element- and edge-oriented, respectively.
The terms tested against τh and ϕh are called local solvers, meaning they do not depend on the solution
within neighboring elements but only on the trace of the solution which is approximated by λh. The coupling
between elements is then introduced by weakly enforcing the normal continuity of the numerical fluxes across
interfaces.

In previous works we have used a Rusanov approach for the convective flux, i.e.

f̂c (λh, wh) = fc (λh) · n− αc (λh − wh) (16)

where αc is a positive constant, usually taken to be of order one. Please note, that it could also be chosen
locally, representing for example the maximum absolute eigenvalue of the convective flux Jacobian. Here,
however, we choose a Roe-type numerical flux for the convective flux, i.e.

f̂c (λh, wh) = fc (λh) · n− |f ′c (λh) · n| (λh − wh) (17)

where the eigen-decomposition of the convective flux Jacobian evaluated with λh is used, i.e.

|f ′c (λh) · n| = R (λh,n) |Λ (λh,n)|L (λh,n) . (18)

The diffusive flux is still handled via a LDG-type approach, i.e.

f̂v (λh, wh,qh) = fv (λh,qh) · n + αv (λh − wh) . (19)
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In this work, we set αv = 0 however. A more involved viscous stabilization should be investigated in more
detail in future work.

In order to retrieve an adjoint-consistent scheme, special care has to be taken when discretizing the
boundary conditions (see Schütz and May [25]). The boundary conditions have to be incorporated by using
the boundary states w∂Ω (wh) and gradients qh,∂Ω (wh,qh), i.e.

Nh,∂Ω (qh, wh; τh, ϕh) := 〈τh · n, w∂Ω (wh)〉Γbh
+ 〈ϕh, (fc (w∂Ω)− fv (w∂Ω,qh,∂Ω)) · n〉Γbh .

We would like to emphasize that λh does not occur in this boundary term as it is only defined on interior
faces. Furthermore, no additional stabilization is introduced in the boundary terms.

We define the shock-capturing terms in a standard manner [16]

Nh,sc (qh, wh;ϕh) := (∇ϕh, ε (wh,qh)qh)Th , (20)

however using a diffusion coefficient ε (w,∇w) which avoids coupling between elements, in order to maintain
the locality of the local solves. We use the sensor developed by Hartmann and Houston [14] that is based on
the strong residual. In case we approximate the Euler equations, we replace qh by ∇wh. For more details
we refer to Woopen et al. [33].

C. Relaxation

In order to solve the nonlinear system of equations that defines the HDG method, the Newton-Raphson
method is applied. Beginning with an initial guess x0

h :=
(
q0
h, w

0
h, λ

0
h

)
, one iteratively solves the linear

system
N ′h [xnh] (δxnh;yh) = −Nh (xnh;yh) ∀yh ∈ Xh (21)

and updates the solution as
x
n+1
h = x

n
h + δxnh (22)

until the residual Nh (xnh;yh) has reached a certain threshold. Please note, that we have grouped qh, wh
and λh, and the test functions into xh := (qh, wh, λh) and yh := (τh, ϕh, µh), respectively. N ′h denotes the
Fréchet derivative of Nh with respect to xh.

This routine can, however, lead to stability problems if the starting value x0
h is too far away from the

solution xh. Therefore, an artificial time is introduced and a backward Euler method is applied, which yields
a slight modification of the linear system given in Eq. (21), namely(

ϕh,
1

∆tn
δwnh

)
Th

+N ′h [xnh] (δxnh;yh) = −Nh (xnh;yh) ∀yh ∈ Xh. (23)

Please note that by choosing ∆tn → ∞, a pure Newton-Raphson method is obtained. Usually the time
step is kept finite for a few initial steps to ensure stability. As soon as the residual is lower than a certain
threshold, i.e. the current approximation x

n
h is thought to be sufficiently close to the solution xh, we let the

time step go towards infinity.
As we are interested in steady-state problems, we can use local time-stepping in order to accelerate the

computation. For each element K, we apply a time step based on a global CFL number, the element volume,
and an approximation of the flux Jacobian’s spectral radius, i.e.

∆tnK = CFLn
|K|
λc

. (24)

Here, λc represents an approximation to the maximum eigenvalue of the convective flux.
In order to further enhance the robustness of the nonlinear solver, so-called p-ramping is employed, i.e.

a computation using polynomial degree p is initialized with a converged solution of polynomial degree p− 1.
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D. Hybridization

Using an appropriate polynomial expansion for δqh, δwh and δλh, the linearized global system is given in
matrix form as  A B R

C D S

L M N


 δQ

δW

δΛ

 =

 F

G

H

 (25)

where the vector [δQ, δW, δΛ]
T

contains the expansion coefficients of δxh with respect to the chosen basis.
In order to carry on with the derivation of the hybridized method, we want to formulate that system in

terms of δΛ only. Therefore we split it into[
A B

C D

][
δQ

δW

]
=

[
F

G

]
−

[
R

S

]
δΛ (26)

and [
L M

] [
δQ

δW

]
+NδΛ = H. (27)

Substituting Eq. (26) into Eq. (27) yields the hybridized systemN − [ L M
] [ A B

C D

]−1 [
R

S

] δΛ = H −
[
L M

] [ A B

C D

]−1 [
F

G

]
(28)

The workflow is as follows: First, the hybridized system is assembled and then being solved for δΛ.
Subsequently, δQ and δW can be reconstructed inside the elements via Eq. (26). It is very important to note
that it is not necessary to solve the large system given by Eq. (26). In fact, the matrix in Eq. (26) can be
reordered to be block diagonal. Each of these blocks is associated to one element. Thus, both the assembly
of the hybridized matrix in Eq. (28) and the reconstruction of δQ and δW can be done in an element-wise
fashion. In order to save computational time, the solutions to Eq. (26) can be saved after the assembly of
the hybridized system and reused during the reconstruction of δQ and δW .

The hybridized matrix is a nf × nf block matrix, where nf = |Γh| is the number of interior edges. In
each block row there is one block on the diagonal and 2d off-diagonal blocks in the case of simplex elements.
These blocks represent the edges of the neighboring elements of one edge. Each block is dense and has
O
(
m2 · p2(d−1)

)
entries. Please recall that p is the polynomial degree of the ansatz functions, d is the

spatial dimension of the domain Ω and m is the number of partial differential equations (m = 6 for the
2-dimensional RANS equations (equipped with the k-ω turbulence model). This structure is very similar to
that of a normal DG discretization, whereas the blocks in the latter have O

(
m2 · p2d

)
entries and thus are

considerably bigger for higher polynomial order p. The size of the system matrix does not only play a big
role in terms of memory consumption but also for the iterative solver. Here, a major portion of the overall
workload goes into matrix-vector products which are of course faster, if the problem dimensions are smaller.
In our code we use an ILU(n)-preconditioned GMRES which is available through the PETSc library [4, 3].

IV. Results

A. Flat Plate

As a first test case we consider turbulent flow over a flat plate. We choose the free-stream Mach number
Ma = 0.2 and the Reynolds number Re = 5 ·106 based on length 1 (according to Rumsey [22]). Furthermore,
we set turbulence intensity Tu = 4 · 10−4 and eddy viscosity ratio µt/µ = 9 · 10−3 in the free-stream. The
plate extends from x = 0 to x = 2. The inflow is located at x = −1/3 and the upper boundary at y = 1. We
employ the two coarsest grids provided by [22] with 816 and 3264 quadrilateral elements, respectively (see
Fig. 1). Please note that these meshes are nested.

The meshes are stretched in the wall-normal direction, and are also clustered near the plate leading edge.
There are 28 (or 56) elements along the plate, 6 (or 12) ahead of it and 24 (or 48) orthogonal to it. The first
cell heights are approximately 8 · 10−6 and 4 · 10−6, respectively. In all computations, the residual has been
decreased by at least 10 order of magnitude.
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(a) ne = 816, nf = 1574 (b) ne = 3264, nf = 6412

Figure 1: Flat plate meshes.

We use in- and outflow boundary conditions based on Riemann invariants at the left, right and top
boundary (please note that k and ω̂ are extrapolated from the exterior and interior, respectively). The lower
boundary upstream of the plate is modelled as a symmetry plane and the plate itself as a no-slip wall (see
App. A for more details).

In turbulent flows, it is common to normalize variables within the boundary layer with the so-called
friction velocity uτ =

√
τw/ρ. This way, we obtain the non-dimensional counterparts of streamwise velocity

u+ = u/uτ , turbulent kinetic energy k+ = k/u2
τ , and turbulent dissipation rate ω+ = ωνw/u

2
τ . Please note,

that the eddy viscosity ratio is given by ν+ = k+/ω+ = ρk/ (ωµ).
The non-dimensional streamwise velocity u+ can be characterized by three layers: a viscous sublayer,

the so-called log layer, and an intermediate layer between the former two. Within the first two, u+ can be
approximated by the following expression [23]

u+ =

y+ in the viscous sublayer

2.439 ln y+ + 5.1 in the log layer
(29)

where y+ = ρuτy
µ is the non-dimensional distance to the wall.

In Fig. 2 and 3, we show profiles of these quantities at the center of the plate, i.e. x ≈ 1, for polynomial
degrees from p = 1 to p = 3. The velocity profiles agree very well with Eq. (29) for all p and both meshes. The
turbulent kinetic energy, which should be non-negative everywhere, shows oscillations at the boundary layer
edge due to a drastic change of slope. We want to note again, that we limit k from below in the evaluation of
eddy viscosity and source terms only. No additional stabilization, e.g. artificial viscosity, is introduced. With
both mesh-refinement and increase of polynomial degree, the oscillations decay. The turbulent dissipation
rate ω is successfully kept positive due to the logarithmic transformation. Its analytical behavior in the
vicinity of the wall is given by [29] as

ω+
an =

6

βk (y+)
2 . (30)

The numerical results approach this behavior for small y+ except within the element directly adjacent to
the wall boundary. This is probably due to the fact that we do not incorporate the polynomial degree of
the ansatz functions and the resulting higher resolution into the boundary condition for ω (see [24] for more
details). Analogue to k, the eddy viscosity ν+ exhibits oscillations at the boundary layer edge. These also
decrease with both mesh refinement and increase of polynomial degree.

There exists a vast variety of approximations for the skin friction coefficient along a flat plate (based
on both theoretical aspects and experimental results); see [23] for more details. In order to compare the
numerical results, we will use the following approximation

Cf = (2 log Rex − 0.65)
−2.3

(31)

where Rex := ρ∞u∞x
µ∞

is a local Reynolds number.
In Fig. 4 and 5, we show the skin friction coefficient along the flat plate on both meshes for polynomial

degrees from p = 1 to p = 3. All results exhibit oscillations within the first element which is due to the
leading edge. We want to emphasize, however, that from the second element on (denoted by the dotted
black line), the numerical results agree excellently with Eq. 31.
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Figure 2: Boundary layer profiles of non-dimensional velocity, turbulent kinetic energy, turbulent dissipation
rate and eddy viscosity at x ≈ 1 on the 816 element mesh.
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Figure 3: Boundary layer profiles of non-dimensional velocity, turbulent kinetic energy, turbulent dissipation
rate and eddy viscosity at x ≈ 1 on the 3264 element mesh.
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Figure 4: Skin friction coefficient for the turbulent flat plate on the 816 element mesh. The length of the
first element at the leading edge is indicated by the black dotted line.

10−4 10−3 10−2 10−1 100 101
10−3

10−2

10−1

x

C
f

p = 1
p = 2
p = 3
Theory

Figure 5: Skin friction coefficient for the turbulent flat plate on the 3264 element mesh. The length of the
first element at the leading edge is indicated by the black dotted line.
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B. RAE 2822 Airfoil

Now, we consider turbulent flow around the RAE 2822 airfoil which has been extensively investigated both
experimentally [10] and numerically. We will consider specifically test case 9, defined by the following free-
stream values: Ma = 0.73, α = 3.19◦, Re = 6.5 · 106. Following [7], we use wind tunnel corrected conditions,
i.e. Ma = 0.734, α = 2.79◦, Re = 6.5 · 106. Analogue to the flat plate test case, we prescribe turbulence
intensity Tu = 4 · 10−4 and eddy viscosity ratio µt/µ = 9 · 10−3 in the free-stream.

This test case has also been included in the first and second International Workshop on High-Order
CFD Methods [28]. Therein, quartic quadrilateral meshes have been provided. These offer appropriate
resolution for both the boundary layer around the airfoil and the shock on the upper side of the airfoil. In
the case of curved boundaries, elements sharing these boundaries have to be curved as well. In the case of
turbulent flow, where elements close to the wall are highly stretched along the boundary, interior elements
have to be curved as well in order to circumvent intersecting element interfaces. At the moment we can
only use globally curved meshes which consist of second order triangles (defined by six points). Therefore,
we split each quartic quadrilateral (which is defined by 25 points) into 8 quadratic triangles. This way, we
can use the whole resolution offered by these meshes. The coarsest of the provided meshes thus consists of
4048 elements (see Fig. 6). Even on this mesh, y+ values along the airfoil range between 0.5 and 2.5 for
this test case which is sufficiently low. The far-field is located 20 chord lengths away from the airfoil. We
employ characteristic upwinding at the far-field boundary. The airfoil itself is modelled as a no-slip wall. In
all computations, the residual has been decreased by at least 10 order of magnitude. We want to further
mention, that shock-capturing is only applied to density, momentum and total energy.

(a) ne = 4048, nf = 5972 (b) ne = 16192, nf = 24088

Figure 6: Close-up of the RAE 2822 meshes.

In Fig. 7, Mach number contours around the airfoil are given. The flow accelerates on the upper side
until it reaches supersonic levels resulting in a shock. One can clearly observe the interaction of the shock
and the very thin boundary-layer. The latter thickens up considerably after being hit by the shock. This
phenomenon is also apparent in the turbulent kinetic energy contours: the production of turbulent kinetic
energy increases at this very position (see Fig. 8 for a close-up of the aft section of the airfoil). There is
a notable increase in solution quality from p = 1 to p = 3. This is especially visible when comparing the
p = 2, 3 solution on the coarse mesh with the p = 1 solution on the finer mesh. Oscillations due to the shock
are restricted to the vicinity of the shock.

In Fig. 9, we compare the pressure coefficient Cp = 2(p−p∞)
ρ∞v2∞

along the airfoil with experimental data

provided by Cook et al. [10]. The numerical results show a very smooth behavior and agree very well with
the measurements. The p = 1 solutions on both meshes show a small shift of the shock position into the
downstream direction. From p = 2 on however, it is predicted very well. Downstream of the shock, the
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pressure deviates slightly from the measurements. The pressure peak at the upper part of the leading edge
cannot be resolved by any of the computations. A finer mesh in this region might remedy this problem.

(a) p = 1, ne = 4048 (b) p = 2, ne = 4048

(c) p = 3, ne = 4048 (d) p = 1, ne = 16192

Figure 7: Mach number contours around the RAE 2822.

V. Conclusion and Outlook

We applied our HDG method to two-dimensional turbulent flow governed by the Reynolds-averaged
Navier-Stokes equations coupled with the k-ω turbulence model. Both test cases, nearly-incompressible flow
over a flat plate and transonic flow around the RAE 2822 airfoil, yielded promising results. The solution
quality increased with mesh-refinement and increase of polynomial degree. All results agreed very well with
either theoretical or experimental data.

In order to further complete our computational framework, the extension from isotropic to anisotropic
mesh adaptation using our adjoint-based error estimation is envisaged. Considering anisotropic effects during
adaptation is crucial in the case of both compressible and turbulent flows.

Furthermore, we want to enhance the robustness of our solver. Among other things, this can be achieved
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(a) p = 1, ne = 4048 (b) p = 2, ne = 4048

(c) p = 3, ne = 4048 (d) p = 1, ne = 16192

Figure 8: Turbulent kinetic energy contours around the aft section of the RAE 2822.
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Figure 9: Pressure coefficient Cp = 2(p−p∞)
ρ∞v2∞

along the RAE 2822. Experimental values taken from [10]
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by employing a better suited viscous stabilization for stiff problems like turbulent flow and the resulting
highly-stretched meshes, and complementing our relaxation technique with line searches and physicality
constraints. Peraire et al. [21] and Dahm and Fidkowski [11] have already begun addressing the issue of
viscous stabilization. We want to pursue and further their approaches. The latter modifications are to be
based on the work of Ceze and Fidkowski [6]. Finally, a comprehensive comparison of HDG and DG similar
to [33] is envisaged.
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A. Boundary Conditions

A. Symmetry Plane

At symmetry planes, two conditions apply: First, scalar quantities do not change in the normal direction,
and second, vectorial quantities have a vanishing normal component. This has several implications on the
boundary state w∂Ω and gradient q∂Ω.

As scalar quantities, like density or energy, do not change across symmetry planes, their values are simply
mirrored, i.e.

ρ∂Ω = ρ, (32)

E∂Ω = E. (33)

In the case of vectorial quantities, like velocity, we remove the normal component, i.e.

v∂Ω = (Id− n⊗ n)v. (34)

The gradient of scalar quantities is treated analogously. For the gradient of vectorial quantities, the tangential
derivatives of the normal component and the normal derivative of the tangential components have to vanish,
i.e.

(∇v)∂Ω = (Id− n⊗ n)∇v (Id− n⊗ n) + (n⊗ n)∇v (n⊗ n) . (35)

With these rules at hand, one can construct suitable boundary states and gradients.

B. No-Slip Wall

Along wall boundaries, we apply the no-slip boundary condition, i.e.

v = 0 (36)

and
k = 0. (37)

Furthermore, one has to give boundary conditions for the temperature. In the present work we use the
adiabatic wall condition, i.e.

∇T · n = 0 (38)

Following Menter [17], we set ω = 60µ
ρβky2

where y is the first cell height.

C. Far-Field

Prescribing boundary conditions at the far-field can be realized with the aid of characteristic upwinding [13].
Here, the normal convective flux Jacobian is decomposed as

f ′c(w) · n = R(w,n) · Λ(w,n) · L(w,n) (39)

14 of 17

American Institute of Aeronautics and Astronautics Paper 2014-2783



with Λ(w,n) being a diagonal matrix containing the eigenvalues, i.e.

Λ = diag
(
vn vn vn vn vn + at vn − at

)
. (40)

The interior and free-stream state in characteristic variables are then given by wc = L(w,n)w and wc,∞ =
L(w,n)w∞, respectively. Finally, depending on the sign of (Λ(w,n))i,i, we can construct a boundary state

(w∂Ω(w))i =

(R(w,n)wc)i , (Λ(w,n))i,i ≥ 0

(R(w,n)wc,∞)i , (Λ(w,n))i,i < 0.
(41)

For two-dimensional problems, the right eigenvectors are given by the columns of the following matrix:

R =



1 0 0 0 1 1

v1 n2 0 0 v1 + atn1 v1 − atn1

v2 −n1 0 0 v2 + atn2 v2 − atn2
1
2v

2 n2v1 − n1v2 γ − 5
3 0 Heff + atvn Heff − atvn

0 0 γ − 1 0 k k

0 0 0 1 ω̂ ω̂


(42)

Its inverse L = R−1 is then given by

L =



1− γ−1
2

Ma2t
γ−1

a2t
v1

γ−1

a2t
v2 − γ−1

a2t

γ− 5
3

a2t
0

n1v2 − n2v1 n2 −n1 0 0 0

− 1
2
Ma2tk

kv1
a2t

kv2
a2t

− k
a2t

1
γ−1

(
1 +

(
γ − 5

3

)
k
a2t

)
0

− γ−1
2
ωMa2t

γ−1

a2t
ωv1

γ−1

a2t
ωv2 − γ−1

a2t
ω

γ− 5
3

a2t
ω 1

− 1
2

(
vn
at
− γ−1

2
Ma2t

)
1

2a2t
(n1at − (γ − 1) v1)

1
2a2t

(n2at − (γ − 1) v2)
γ−1

2a2t
− γ−

5
3

2a2t
0

1
2

(
vn
at

+ γ−1
2

Ma2t

)
− 1

2a2t
(n1at + (γ − 1) v1) − 1

2a2t
(n2at + (γ − 1) v2)

γ−1

2a2t
− γ−

5
3

2a2t
0


(43)

Please note that we used at =
√
γpeff/ρ and Heff = E + peff

ρ =
a2t
γ−1 + 1

2v
2 +

γ− 5
3

γ−1 k where peff = p + 2
3ρk.

Analogously, we define Mat = |v|
at

. We refer to Wallraff et al. [27] for more details.
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